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Abstract 

We give noncommutative versions of the Redfield-Polya theorem 
in WSym, the algebra of word symmetric functions, and in other re- 
lated combinatorial Hopf algebras. 



1 Introduction 

The Redfield-Polya enumeration theorem (R-P theorem) is one of the most 
exciting results in combinatorics of the twentieth century. It was first pub- 
lished by John Howard Redfield (fl7l) i n 1927 and independently rediscovered 



by George Polya ten years later (I16l ). Their motivation was to generalize 



Burnside's lemma on the number of orbits of a group action on a set (see e.g 
(j3)). Note that Burnside attributed this result to Frobenius (0) and it seems 
that the formula was prior known to Cauchy. Although Redfield found the 
theorem before Polya, it is often attributed only to Polya. This is certainly 
due to the fact that Polya popularized the result by providing numerous 
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applications to counting problems and in particular to the enumeration of 
chemical compounds. The theorem is a result of group theory but there are 
important implications in many disciplines (chemistry, theoretical physics, 
mathematics — in particular combinatorics and enumeration etc.) and its 
extensions lead to Andres Joyal's combinatorial species theory (Q]). 
Consider two sets X and Y (X finite) and let G be a finite group acting on X. 
For a map / : X — )■ Y, define the vector vj = : f(x) = y)}) y eY £ 

The R-P theorem deals with the enumeration of the maps / having a given 
vj = v (v fixed) up to the action of the group G. The reader can refer to 
( jlOl ) for proof, details, examples and generalizations of the R-P theorem. 
Algebraically, the theorem can be pleasantly stated in terms of symmetric 
functions (see e.g. ( 1l4 , Illl)); the cycle index polynomial is defined in terms 
of power sum symmetric functions and, whence writing in the monomial ba- 
sis, the coefficients count the number of orbits of a given type. From the 
seminal paper (jsl), many combinatorial Hopf algebras have been discovered 
and investigated. The goal is to mimic the combinatorics and representation 
theory related to symmetric functions in other contexts. This paper asks the 
question of the existence of combinatorial Hopf algebras in which the R-P 
theorem can naturally arise. In this sense, the article is the continuation 
of (0, |6j) in which the authors investigated some Hopf algebras in the aim 
to study the enumeration of bipartite graphs up to the permutations of the 
vertices. 

Each function / : X — > Y can be encoded by a word of size j^X on an alpha- 
bet Ay = {a y : y G Y}. Hence, intuitively, we guess that the R-P theorem 
arises in a natural way in the algebra of words C(A). The Hopf algebra of 
word symmetric functions WSym has been studied in ( jl8l . 0, 0). In S Sec- 
tion 121 we recall the basic definitions and properties related to this algebra 
and propose a definition for the specialization of an alphabet using the con- 
cept of operad (1121. Il3l). In Section [3j we construct and study other related 
combinatorial Hopf algebras. In Section HJ we investigate the analogues of 
the cycle index polynomials in these algebras and give two noncommutative 
versions of the R-P theorem. In particular, we give a word version and a 
noncommutative version. Finally, in Subsection I4.5[ we propose a way to 
raise Harary-Palmer type enumerations (the functions are now enumerated 
up to an action of G on X and an action of another group H on Y) in WSym. 
For this last equality, we need the notion of specialization defined in Section 

m 



2 



2 Word symmetric functions 



2.1 Basic definitions and properties 

Consider the family $ := {<& 7r } 7r whose elements are indexed by set partitions 
of {1, . . . ,n} (we will denote tc lh n). The algebra WSym (Il8[ ) is generated 
by $ for the shifted concatenation product: $ 7r $ 7r = ^ n7T N where n and n' 
are set partitions of {1, ... , n} and {1, . . . , m}, respectively, and 7r'[n] means 
that we add n to each integer occurring in tt' . Other bases are known, for 
example, the word monomial functions defined by 

7r<7r' 

where 7r < tt' indicates that tt is finer than tt', i.e., that each block of tt' is a 
union of blocks of tt. 

WSym is a Hopf algebra when endowed with the shifted concatenation 
product and the following coproduct, where std(7r) means that for all i, we 
replace the ith smallest integer in tt by i: 



std(7r")- 



7r'U7r"=7r 
7r'n7r"=0 



Note that the notion of standardization makes sense for more general objects. 
If S is a total ordered set, the standardized std(£), for any list I of n elements 
of S, is classicaly the permutation a = \<j\, . . . , a n ] verfying a[i) > a[j] if 
£[i] > £[j] or if £[i] = £[j] and i > j. Now if the description of an object o 
contains a list £ , the standardized std(o) is obtained by replacing I by std(£) 
in o. 

Let A be an infinite alphabet. The algebra WSym is isomorphic to 



WSym(A), the subalgebra of C(A) defined by Rosas and Sagan (1181 ) and 
constituted by the polynomials which are invariant by permutation of the 
letters of the alphabet. The explicit isomorphism sends each § n to the poly- 
nomial ^(A) := ^2 w w where the sum is over the words w = W\---w n 
(wi, . . . , w n G A) such that if i and j are in the same block of 7r then Wi = 
Wj. Under this isomorphism, each M n is sent to M n (A) = ^2 w w where the 
sum is over the words w — W\ • • ■ w n (w\, . . . , w n G A) such that Wi = Wj if 
and only if i and j are in the same block of n. In the sequel, when there 
is no ambiguity, we will identify the algebras WSym and WSym(v4). With 
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the realization explained above, the coproduct of WSym consists of identi- 
fying the algebra WSym ® WSym with WSym(A + B), where A and B are 
two noncommutative alphabets such that A commutes with B, by setting 
f(A)g(B) ~ / <g) g (see. It is a cocommutative coproduct for which the poly- 
nomials ${ 1 '-' n ) are primitive. Endowed with this coproduct, WSym has a 
Hopf structure which has been studied by Hivert et al. (j9|) and Bergeron et 
al. (0). 

2.2 What are virtual alphabets in WSym? 

We consider the set £ of set compositions together with additional elements 
{o m : m > 1} (we will also set Oo = []) and a unity 1. This set is a naturally 
bigraded set: if £™ denotes the set of compositions of {l,...,n} into m 
subsets, we have €. = {1} U U nm eNC U {°m : m > 1}. We will also use 
the notations <£ n (resp. <£ m ) to denote the set of compositions of {1, ... , n} 
(resp. the set compositions into m subsets together with o m ) with the special 
case: 1 G C 1 . The formal space C[l£ m ] is naturally endowed with a structure 
of right C[(5 m ]-module; the permutations acting by permuting the blocks of 
each composition and letting o m invariant. For simplicity, we will denote also 
by £ the collection (§-module, see e.g.{v£))\C\£°}, qC 1 ], . . . , C[£ m ]]. 

For each 1 < i < k, we define partial compositions Oj : <£ k x <£ k — > <£. k+k _1 

by: 

1. If II = [tti, . . . , 7Tfe] and IT = [7r[, . . . , %[,} then 

\ Ok+k'-x otherwise, 

where ir'^] = {i h , . . . , i jp } if -k'- = {j u . . .,j p } and n t = {i u ...,i k } 
with %\ < ■ ■ ■ < ik] 

2. II Oi Ok' = Ok Oj IT = Ok+k>-i for each II G <L k and IT G C fc '; 

3. 1 O! II' = n' and n Oj 1 = n for each n G £ k and n' G C fe '. 

Proposition 2.1 27ie E>-module € (i.e. each graded component (£ n is a & n - 
module endowed with the partial compositions is an operad in the 

sense of Martin Markl (IS), which means the compositions satisfy: 
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1. (Associativity) For each 1 < j < k, II G <Z k , IT E <£ k> and II" E <£ k " : 

( (n o< n") o j+v ,_ x W, forl<i<j, 

(no.nOo.n" = I n Dj (n' 0i _ i+1 n"), /or j <i<k'+j, 

I (n 0i _ fc , +1 n") o 3 n', /or j + k' < % < k + k' - 1, 

2. (Equivariance) For each 1 < i < m, r E & m and o E S n , let r o i a E 
& m + n -i be given by inserting the permutation a at the ith place in r. 
IfTlE£ k and IT E £ k> then (ILt) o { (War) = (IT o r{i) n')(r o< a). 

3. (Unitality) 1 o x II' = n' and IT o< 1 = n for each U E € k and IT E € k ' . 

Let V = n V n be a graded space over C. We will say that V is a (symmetric) 
(C-module, if there is an action of €. on V which satisfies: 

1. Each neP acts linear application V m — > V. 

2. (Compatibility with the graduation) [7Ti, . . . , 7r m ](V ?1 , . . . , V^ m ) = if 

7^ Jj f° r some 1 < i < m and O m (Vj l , . . . , V^ m ) = 0. Otherwise, 
[7Ti, . . . , 7r m ] G £ n sends x • • • x V#„. m to V n . Note also the special 
case l(v) = v for each v E V. 

3. (Compatibility with the compositions) 

(UoiU'^vi, . . .,u fc+fc /_i) = n(ui, . . . ,Vi_i,n'(vi,. . . ,v i+ fc/_i),v i+fc /, . . .,u fc+fc /_i). 

4. (Symmetry) n(t>i, . . . = (IIct)^^), . . . ,v^ k y). 

If V is generated (as a £- module) by {v n : n > 1} with v n E V n , then setting 
v {m,...,ir m } = [7r 1( . . .,7r m ](u #7ri , . . .,u #7rm ), we have K = span{w 7r : 7r lh n}. 
Note that the existence of v 71 follows from the point H] of the definition of a 
€-module. 

Example 2.2 If A is a noncommutative alphabet, the algebra C(A) can be 
endowed with a structure of CC-module by setting 

Hl[7ri,...,ir m ](' iw i> • • • > w m) if w i £ A# ni for each 1 < i < m 
otherwise 



[tTi, . . . ,7T m ](wi, 



where w x , . . . ,w m E A* and Lil[ 7ri) ... i7rm ](wi, . . . , w m ) = ai...a n is the only 
word of A*^ 1 " 1 h # 7r ™ such that for each 1 < i < m, if 7Tj = {ji, • • • , J^}, 
a ii • • • a ji = w j ■ 

Note that <C[A] has also a structure of (C-module defined by [iti, . . . , n m ] (xi, . . . , x r 
X\ . . . x m if monomial of degree #7Tj. 
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Proposition 2.3 WSym is a d-module. 



Proof: 

We define the action of £ on the power sums by 



gj{7U,...,7r m } jf n . _ ;? ^ 7rj f Qr I <i < 



r i/;Rrn *n n f $ {7ri '-' 7r " l} if ^ = #71 



and extend it linearly to the spaces WSym n . Since this action is compatible 
with the realization: 

K . . . , 7r m ]($"\ . . . , $ n -)(A) = LU [7ri ,... i7rm] ($ ni (A), . . . , 

(the definition of LU ^ is given in Example 12. 2 p and WSym is obviously stable 
by the action of £, WSym(A) is a sub-£-module of C(A). Hence, WSym is 
a £- module. □ 



A morphism of CC-module is a linear map ip from a C-module V% to another 
module V 2 satisfying ipH(vi, . . . , v m ) = H(<p(vi), . . . , ip(v m )) for each II G £ m . 
In this context, a virtual alphabet (or a specialization) is defined by a mor- 
phism of C-module (p from WSym to a C-module 1/. The image of a word 
symmetric function / will be denoted by /[</?]■ The (£- module WSym is free 
in the following sense: 

Proposition 2.4 Let V be generated by V\ G Vi,v 2 G V2, . . . ,t>„ G 14., . . . 
as a ^-module (or equivalently, V n = spanjf^ : tt lh n}). There exists a 
morphism of ^-module ip : WSym — > V, which sends $ n to v n . 

Proof This follows from the fact that {§ n : 71 lh n} is a basis of WSym ra . Let 
ip : WSym n — > V n be the linear map such that </ , ( ( ^ >7r ) — V n ] this is obviously 
a morphism of CC-module. □ 

For convenience, we will write WSym[y?] = yWSym. 

Example 2.5 1. Let A be an infinite alphabet. The restriction to WSym(.A) 
of the morphism of algebra <p : C(A) — >■ C[A] defined by (p(a) = a is a 
morphism of ^-module sending WSym(v4) to Sym(A) (the algebra of 
symmetric functions on the alphabet A). This morphism can be defined 
without the help of alphabets, considering that Sym is generated by the 
power sums p 1 , . . .,p n , . . . with the action [m, . . . , vr m ] (p #7ri , . . . ,p #vrm ) = 

P#7T1 • • -P#7T m - 
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2. Let A be any alphabet (finite or not). If V is a sub-£-module of 
C{A) generated by the homogeneous polynomials P n G CL4 n ] as a 
C-module, the linear map sending, for each n = {iti, . . . ,Tr m }, 
to LUn[-P#7n, • • • , P#Tr m )i where IT = [tti, . . . , 7r m ], is a morphism of £- 
module. 



3 The Hopf algebra of set partitions into lists 

3.1 Set partitions into lists 

A set partition into lists is an object which can be constructed from a set par- 
tition by ordering each block. For example, {[1, 2, 3], [4, 5]} and {[3, 1, 2], [5, 4]} 
are two distinct set partitions into lists of the set {1, 2, 3, 4, 5}. The number 
of set partitions into lists of an n-element set (or set partitions into lists of size 
n) is given by Sloane's sequence A000262 {lj. If II is a set partition into lists 
of {1, . . . , n}, we will write II 1 1 1 — n. We will denote by cycle_support(<r) the 
cycle support of a permutation cr, i.e., the set partition associated to its cycle 
decomposition. For instance, cycle_support (325614) = {{135}, {2}, {4, 6}}. 
A set partition into lists can be encoded by a set partition and a permutation 
in view of the following easy result: 

Proposition 3.1 For all n, the set partitions into lists of size n are in bi- 
section with the pairs (cr, n) where a is a permutation of size n and n is a set 
partition which is less fine than or equal to the cycle support of a. 

Indeed, from a set partition tt and a permutation a, we obtain a set partition 
into lists II by ordering the elements of each block of tt so that they appear 
in the same order as in a. 

Example 3.2 Starting the set partition it = {{1, 4, 5}, {6}, {3, 7}, {2}} and 
the permutation a = 4271563, we obtain the set partition into lists II = 
{[4, 1,5], [7, 3], [6], [2]}. 

3.2 Construction 

Let II 111 — n and II' 1 1 1 — n' be two set partitions into lists. Then, we set 

nan' = nu{[i 1 +n,...,i k +n) ■. [h,.. .,i k ]e n'} iih n+n'. Let n'cn iih n , 

since the integers appearing in II' are all distinct, the standardized std(IT) of 
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IT is well denned as the unique set partition into lists obtained by replacing 
the zth smallest integer in II by i. For example, std({[5, 2], [3, 10], [6,8]}) = 
{[3,1], [2, 6], [4, 5]}. 

Definition 3.3 The Hopf algebra BWSym is formally defined by its basis 
($ n ) where the U are set partitions into lists, its product $ n $ n = $ nttin 
and its coproduct A($ n ) = ^ $ std ( n ) <gj $ std ( n ) ; where the sum is over the 
(IT, IT") such that IT U II" = II and IT n n" = 0. 

Following Section 13.11 and for convenience, we will use alternatively $ n and 
$(*■) to denote the same object. 

We define Mn = M^ by setting $(*•) = M^y. The formula being 

7V<7r' 

diagonal, it defines Mn for any II and proves that the family (Mn)n is a 

f 321 \ 

basis of BWSym. Consider for instance {[3,1], [2]} ~ ( {{1 3} {2}})' W6 

have fcWLP]} = M {[3 ,i],[2]} + M {[3 , 2 ,i ]} . 

For any set partition into lists II, let s(U) be the corresponding classical 
set partition. Then, the linear application <fi defined by 0($ n ) = $ s ( n ) is 
obviously a morphism of Hopf algebras. As an associative algebra, BWSym 
has also algebraical links with the algebra FQSym (j4J). Recall that this 
algebra is defined by its basis (E°~) whose product is E° ' E T = E aj,T , where 
a/r is the word obtained by concatening a and the word obtained from r by 
adding the size of a to all the letters (for example 321/132 = 321564). 
The subspace V of WSym <g> FQSym linearly spanned by the $ 7r <g> E a such 
that the cycle supports of a is finer than 7r is a subalgebra, and the linear 
application sending <I >7r ' cr to $ vr ®-E <J is an isomorphism of algebras. Moreover, 
when the set of cycle supports of o is finer than tc, M t £g> E a also belongs to 
V and is the image of . 

The linear application from BWSym to FQSym which sends Mn a n to E a 
and Mn to if card (II) > 1, is also a morphism of algebras. 

3.3 Realization 

Let A® = {a!f ] | % > 0} be an infinite set of bi-indexed noncommuta- 
tive variables, with the order relation defined by of < of 1 if i < i' . Let 
A = [_}. Consider the set partition into lists II = {L^L 2 ,...} = 
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ll, . . . , Z* ], [If, l\, . . . , 1^ ], ■ ■ .} Ill" n. Then, one obtains a polynomial real- 
ization BWSym(A) by identifying <3> n with $ n (A), the sum of all the mono- 
mials ai . . . a n (where the Oj are in A) such that k = k' implies a t k , a lk > G 
for some j, and for each k, std(a il . . . a in ) = std(7^ . . . Z* ) with {Z^ , . . . , Z^ } = 
{«i < • • • < i rik } (The "B" of BWSym* is for "bi-indexed letters"). The* co- 
product A can be interpreted by identifying A($ n ) with $ n (A + B) as in the 
case of WSym. Here, if a G A and b G B then a and b are not comparable. 

Proposition 3.4 The Hopf algebras BWSym and BWSym(A) are isomor- 
phic. 

Now, let Mn(A) be the sum of all the monomials a± . . . a n , ai G A, such that 
a t k and a { y belong in the same A^> if and only if k = k', and for each k, 
std(a il . . . a in k ) = std(Zf . . . Z*J with {Zf,...,Z*J ={*!<■■■< i n J. For 

example, the monomial af'aj appears in the expansion of ${[1,3], [2]}, but 
not in the one of Mm 31 pi}- The Mq form a new basis (Mq) of BWSym. 
Note that this basis is not the same as (Mq). For example, one has 

= M{[1]>[2]} + M{[1>2]} = M { [i])[2]} + M | [i)2]} + M { [2)i]} . 

Consider the basis F a of FQSym defined in (J4j). The linear application, from 
BWSym to FQSym, which sends M' {[a]} to and to if card(II) > 1, 
is a morphism of algebras. 

3.4 Related Hopf algebras 

By analogy with the construction of BWSym, we define a "B" version for 
each of the algebras Sym, QSym and WQSym. In this section, we sketch 
briefly how to construct them; the complete study is deferred to a forthcom- 
ing paper. 

As usual when L = [C,i,...,£ k ] and M = [m 1) ...,m 2 ] are two lists, the 
shuffle product is defined recursively by []uiL = Lui[] = {L} and LuiM — 
[£i] . ( [£ 2 , ■ ■ ■ , £k] LU M) U [mi] . (L ill [m 2 , . . . , m k ] ) . The algebra of biword quasi- 
symmetric functions (BWQSym) has its bases indexed by set compositions 
into lists. The algebra is defined as the vector space spanned by the for- 
mal symbols $n ; where II is a composition into lists of the set {1, . . . , n} 
for a given n, together with the product $n$n' = Xln"eniun'[n] ^n", where 
W[n] means that we add n to each of the integers in the lists of II' and IT 
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is a composition into lists of {1, . . . , n}. Endowed with the coproduct de- 
fined byA($ n ) = En'. n"=n ^std(n') <E> $ s td(n"); BWQSym has a structure of 
Hopf algebra. Note that BWQSym = ® n BWQSym n is naturally graded; 
the dimension of the graded component BWQSym n is 2 n ~ 1 n\ (see sequence 
A002866 in 0)). 

The algebra BSym = @ n BSym n is a graded cocommutative Hopf alge- 
bra whose bases are indexed by sets of permutations. Formally, we set 

BSym n = span{0 {<Tl — ,7fc} : a { G & ni ,rn H V n k = n}, 4> Sl .(p s ' 2 = (p SlUS ' 2 

and for any permutation a, 0^ is primitive. The dimensions of the graded 
components are given by the sequence A077365 of (fl9l ). 
Finally, BQSym = @ n BQSym n is generated by 4>[ ai ,...,a k ], hs product is 
= YsU'tLwufa" and its coproduct is A(<f> L ) = J2l=l'.l» to ® to"- 
The dimension of the graded component BQSym n is given by Sloane's se- 
quence A051296 (HJ. 



4 On the R-P theorem 

4.1 R-P theorem and symmetric functions 

Consider two sets X and Y such that X is finite (#X = n), together with 
a group G C & n acting on X by permuting its elements. We consider the 
set Y x of the maps X — > Y. The type of a map / is the vector of the 
multiplicities of its images; more precisely, type(/) G N y with type(/) y = 
#{a; G X : f(x) = y}. For instance, consider X = {a,b,c,d,e}, Y = 
{0,1,2}, f(a) = /(c) = f{d) = 1, /(6) = 2, f(c) = 0: we have type(/) = 
[l°, 3 1 , l 2 ]. The action of G on X induces an action of G on Y x . Obviously, 
the type of a function is invariant for the action of G. Then all the elements 
of an orbit of G in Y x have the same type, so that the type of an orbit will 
be the type of its elements. The question is: how to count the number ri/ of 
orbits for the given type II Note that, if A/ denotes the (integer) partition 
obtained by removing all the zeros in / and reordering its elements in the 
decreasing order, A/ = Xr implies n/ = n//; it suffices to understand how to 
compute riA when A is a partition. The Redfield-Polya theorem deals with 
this problem and its main tool is the cycle index: 

v, \ „cycle_type(<r) 
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where cycle_type(<r) is the (integer) partition associated to the cycle of a 
(for instance a = 325614 = (135)(46), cycle_type(cr) = [3,2,1]). When 
A = [Ai, . . . , Afc] is a partition, p x denotes the (commutative) symmetric func- 
tion p x = p\ 1 . . . p\ k and p n is the classical power sum symmetric function. 

The Redfield-Polya theorem states: 

Theorem 4.1 The expansion of Z G on the basis (m A ) of monomial symmet- 
ric functions is given by 



Example 4.2 Suppose that we want to enumerate the non-isomorphic non- 
oriented graphs on three vertices. The symmetric group ©3 acting on the 
vertices induces an action of the group 

G := {123456, 165432, 345612, 321654, 561234, 543216} C 6 6 

on the edges. The construction is not unique. We obtain the group G by 
labelling the 6 edges from 1 to 6. Hence, to each permutation of the vertices 
corresponds a permutation of the edges. Here, the 1 labels the loop from the 
vertex 1 to itself, 2 labels the edge which links the vertices 1 and 2, 3 is the 
loop from the vertex 2 to itself, 4 labels the edge from the vertex 2 to the 
vertex 3, 5 is the loop from the vertex 3 to itself, finally, 6 links the vertices 
1 and 3. The cycle index of G is 

Z G = \{p\ + ZpIpI + 2p\) = m 6 + 2m 51 + 4m 42 + 6m 4u + 6m 33 + . . . 

The coefficient 4 of m 42 means that there exists 4 non-isomorphic graphs 
with 4 edges coloured in blue and 2 edges coloured in red. 

4.2 Word R-P theorem 

If <j is a permutation, we define := $ c y clc - su PP° rt (°") . Now for our purpose, 
a map / G Y x will be encoded by a word w : we consider an alphabet 
A = {a y : y G Y}, the elements of X are relabelled by 1,2, ... , j^X = n 
and w is defined as the word b\ . . . b n G A n such that b{ = a fu\ . With these 
notations, the action of G on Y x is encoded by the action of the permutations 




A 
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of G on the positions of the letters in the words of A n . 
It follows that for any permutation o G G, one has 



= E w - c 1 ) 



wa=w 



The cycle support polynomial is defined by Z G := Xlo-eG^' 7 - F rom © we 
deduce 

Z G = ]T#Stab G ( 



W }W 



where Stabc(w) = {a E G : wo = w} is the subgroup of G which stabilizes 
w. In terms of monomial functions, this yields : 

Theorem 4.3 

Z G = ^#Stab G K)M, 

where w n is any word a±. . .a n such that a,i = a,j if and only if i,j G iik for 
some 1 < k < n. 

Example 4.4 Consider the same example as in Example 14.21 Each graph is 
now encoded by a word the letter a% corresponds to the colour 

of the vertex 1, the letter 2 to the colour of the vertex 2 and so on. 
The cycle support polynomial is 

Z G := QU 1 }^}^}^}^}^}} + ${{2,6}, {3,5}, {1}, {4}} 

+ ${{1,3},{4,6},{2},{5}} + ${{1,5},{2,4},{3},{6}} + 2 ${{1,3,5},{2,4,6}} 

The coefficient of M{{ 2 6} {3 5} {1} {4}} in Zg is 2 because it appears only in 

$ {{1},{2},{3},{4},{5},{6}} and ${{2,6},{3 l5 },{l},{4}} Thg monomials of M {{2i6}i{3 ,5}, { 1}, { 4}} 

are of the form abcdba, where a, b, c and d are four distinct letters. The sta- 
bilizer of abcdba in G is the two-element subgroup {123456, 165432}. 



4.3 From word R-P theorem to R-P theorem 

The aim of this section is to link the numbers ri/ of Section 14.11 and the 
numbers #Stab G (w) appearing in Section |4"72"1 

If w is a word we will denote by orbr^w) its orbit under the action of G. 
The Orbit-stabilizer theorem (see e.</.(j3()) together with Lagrange's theorem 
gives: 

#G = #orb G (uO#Stab G M (2) 



12 



Denote by A(tt) the unique integer partition defined by (#7Ti, . . . , #7r fc ) if n = 

{#7Ti, . . . , 7T fc } With #7Ti > #7T 2 > • • • > #7T fc . If A = (m*™, . . . , 2 k \ 1**) We 

set A' = /c m ! . . . A^l/ci!. The shape of a word w is the unique set partition %{w) 
such that w is a monomial of M^i w ) • Note that all the orbits of words with a 
fixed shape 7r have the same cardinality. Furthermore, let 7r = {tti, . . . , 7Tfc} 
and A& be an alphabet of size k, the number of words of shape tt on Ay 
equals A(7r) ! . Hence the set of all the words of shape n on the alphabet Ay 

is partitioned into ^ T ^ w \ orbits of size #ovb(w w ). We deduce that: 

E A ! _ v-^ V^Stabg^) 
#orb G K) ~ L> #G W 

A(7r)=A " UV 71 ; A(tt)=A " 

If we consider the morphism of algebra 9 : WSym — > Sym which sends $ n 
to p n , we have 6{M n ) = A(7r) ! m A . Hence, we have 



as expected by the Redfield-Polya theorem (Theorem 14.11) . 

4.4 R-P theorem without multiplicities 

In this section we give a BWSym version of the R-P theorem whose main 
property is to have no multiplicities. Examining with more details Exam- 
ple I4.4[ the coefficient 2 of Mj 2] 6},{3,5},{i},{4} in Z G follows from the group 
{123456, 165432} of order two which stabilizes abcdcb. In terms of set parti- 
tions into lists, this can be interpreted by M{[ 2i 6],[3,5],[i] 1 [4]}+^{[6,2],[5,3],[i],[4]} -»■ 
2Mr{ 2 ,6},{3,5},{i},{4}}- We deduce the following version (without multiplicities) 
of Theorem 14.31 in BWSym. 

Theorem 4.5 Let G be a permutation group. We have 

7jQ := (j)(cycle^upport( CT )) = M/a\. 

creG it aeStabTtiG) 

Consider again Example 14.41 

/ 123456 \ / 165432 \ / 345612 \ 

Z G = $U{1}{2}{3}{4}{5}{6}}J 4. $1{{1}{26}{35}{4}}J _i_ $l{{135}{246}} ) 

( 321654 \ / 561234 \ / 543216 \ 

+ $1{{13}{2}{46}{5}}J _|_ $1{{135}{246}}J _i_ $ I {{15}{234}{6}} ) . 



13 



When expanded in the monomial M basis, there are exactly 2 terms of the 
form Mi a \ (for a = 123456 and a = 165432). Note that we 

1{{2,6},{3,5},{1},{4}}J 

can use another realization which is compatible with the space but not with 

the Hopf algebra structure. It consists to set := Yl w (^), where the 

sum is over the words w = W\ . . . w n (wi G A) such that if i and j are in 
the same block of 7r then W{ = Wj. If we consider the linear application ip 
sending to $(*■), ip sends to := (^), where the sum is 

over the words w = w± . . .w n {w% G A) such that i and j are in the same 
block of 7r if and only if Wj = Wj. Let w be a word, the set of permutations a 
such that (^) appears in the expansion of '^{'Lq) is the stabilizer of w in G. 
The linear application sending each biword (^) to w sends 3>w to ^ w and 
S CT GStab G («)) iw) ^° #Stab G (w)w. Note that #Stab G (w) is also the coefficient 
of the corresponding monomial M 7r ( w ) in the cycle support polynomial Zq. 
For instance, we recover the coefficient 2 in Example 14.41 from the biwords 

4.5 WSym and Harary-Palmer type enumerations 

Let A := {ai, . . . , a m } be a set of formal letters and I = . . . , ik] a sequence 
of elements of {1, . . . , m}. We define the virtual alphabet Ai by 

$ n (A 7 ) := (a ix . . . a ik )^ + (a i2 . . . a ik a h )% H h (a ifc ai . . . a ik _A^ , 

if divides n and otherwise. If a G © m we define the alphabet A a as the 
formal sum of the alphabets A c associated to its cycles: 

& l ~ n \A a \ := $ W 
c cycle in a- 

From Example 12.51 2. the set {$"f 1 '- , "^[A (T ] : n G N} generates the sub-£- 

module WSymL4 CT ] of C(A) (the composition II acting by LUn)- 

Let H C & m and G C & n be two permutation groups. We define Z(H; G) := 

Proposition 4.6 VFe /iai>e; 

w£A n 
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where StabH,G( w ) denotes the stabilizer of w under the action of H x G (H 
acting on the left on the names of the variables a,i and G acting on the right 
on the positions of the letters in the word); equivalently, StabH,G(a>ii ■ ■ ■ a i k ) — 
{(r, a) E H x G : Or(v 0) ) for each l<j<n}. 

Hence, from Burnside's classes formula, sending each variable to 1 in Z(H; G), 
we obtain the number of orbits of H x G. 

Example 4.7 Consider the set of the non-oriented graphs without loop 
whose edges are labelled by three colours. Suppose that we consider the 
action of the group H = {123,231,312} C & n on the colours. We want 
to count the number of graphs up to permutation of the vertices (G = & 3 ) 
and the action of H on the edges. There are three edges, and each graph 
will be encoded by a word a^a^a^ where ij denotes the colour of the edge 
j. We first compute the specialization ^f 1 "'"'^] for 1 < n < 3 and 
a e H. We find $ {1} [A 123 ] = a 1 + a 2 + a 3 , $ {1} [A 231 ] = $ {1} [A 312 ] = 0, 
*{W}[ Ava ] =a\ + al + a 2 , ^[A 231 ] = ^[A 312 ] = 0, = 
a\ + a\ + a% ^ 1 ' 2 ^[A 213 \ = a 2 a 3 ai + a 3 aia 2 + aia 2 a 3 , and $^' 2 ' 3 >[A 312 ] = 
a\a 3 a 2 + a 3 a 2 ai + a 2 a\a 3 . Now, we deduce the values of the other $ 7r [A (7 ] 
with 7r lh 3 and er G H by the action of Liln- For instance: 

${{i,2},{3}} [Ai23] = m [{1 , 2} , {3}] ($i 1 ' 2 }[A 123 ],$i 1 }[A 1 ]) 

= a\ + a\a 2 + a\a 3 + a\a\ + a\ + a\a 3 + a\a,\ + a 3 a 2 + a\. 

We find also 

${{i,3},{2}}^ i23 j _ a 3 _|_ aia2Qi + ai a 3ai + a 2 aia 2 + a 2 + a 2 a 3 a 2 + a 3 a x a 3 + a 3 a 2 a 3 + a 3 , 

$ {{1},{2,3}} ^ i23 ] = fl 3 + a2fl 2 + flsa 2 + aifl 2 + a 3 + ^2 + ^2 + ^2 + Q 3^ 
${{l},{2},{3}} [Ai23] = (ai + a2 + a3) 3 

The other ^[A^] are zero. Hence, 

Z[H;& 3 ] = $ 123 [A 123 ] + $ 132 [A 123 H^ 

$ 231 [A 231 ] + $ 231 [A 312 ] + $ 312 [A 231 ] + $ 312 [A 312 ] 
= 6(a 3 + a 3 + a 3 ) + 2 afo + 2 a^a, + 2 a,a 2 
+3(aia 2 a 3 + a 2 a 3 ai + a 3 aia 2 ) + 3(aia 3 a 2 + a 3 a 2 a\ + a 2 aia 3 ). 

The coefficient 3 of a\a 2 a 3 means that the word is invariant under the action 
of three pairs of permutations (here (123,123), (231,312), (312,231)). Set- 
ting ai = a 2 = a 3 = 1, we obtains Z[H, 6 3 ] = 18 x 4: 18 is the order of the 
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group H x 63 and 4 is the number of orbits: 

f 3 3 31 f 2 22 22 2T J" 2 22 

aia 3 ai, a 3 a^, a|a 2 , a 3 a 2 a 3 , aia|}, and {aia 2 a 3 , aia 3 a 2 , a 2 aia 3 , a 2 a 3 ai, a 3 aia 2 , a 3 a 2 ai}. 
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